The effective dynamic bulk modulus and density are presented for random media consisting of particles in a viscous host fluid, using a core-shell, self-consistent effective medium model, under the large compressional wavelength assumption. These properties are relevant to acoustic or dynamic processes in nano-and micro-particle fluids including particle density determination, resonant acoustic mixing, and acoustic characterisation. Analytical expressions are obtained for the effective bulk modulus and mass density, incorporating the viscous nature of the fluid host into the core-shell model through wave mode conversion phenomena. The effective density is derived in terms of particle concentration, particle and host densities, particle size, and the acoustic and shear wavenumbers of the liquid host. The analytical expressions obtained agree with prior known results in the limit of both static and inviscid cases; the ratio of the effective bulk modulus to that of the fluid is found to be quasi-static. Numerical calculations demonstrate the dependence of the effective mass density on frequency, particle size (from nano-to micro-regime), and concentration. Herein it is demonstrated both theoretically and numerically that the viscosity, often neglected in the literature, indeed plays a significant role in the effective properties of nanofluids.
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Estimating the effective properties of complex media is of interest from both a theoretical and experimental point of view owing to their numerous applications; these include the mechanical properties of solid composite structures, the soundabsorbing properties of porous materials, and the dynamic properties of fluid-suspended particle systems. The determination of effective properties has been extensively studied for more than a century and has a vast body of literature which is reviewed briefly here. The current work is directed towards the determination of dynamic effective properties for acoustic propagation in complex fluids consisting of solid nanoparticles in a viscous liquid; previous investigations have studied mainly inviscid fluid hosts. A proper understanding of the dynamic properties of nanofluids is of great significance, for example, in the determination of particle mass or density by oscillatory methods, or in resonant acoustic mixing. Acoustic techniques are valuable for both characterisation and manipulation of nanoparticles, but the nature of interparticle interactions in a viscous fluid and their effect on acoustics is still poorly defined. Here, these effects are investigated by considering the effective bulk modulus and mass density of such a nanoparticle suspension in an acoustic field.
The effective properties of a complex medium are defined such that the behaviour of the inhomogeneous medium is equivalent to that of a homogeneous medium with those effective properties. One approach used to determine the effective properties of random composites is to use self-consistent theories. A single inclusion is embedded within an effective homogeneous medium and self-consistency is imposed such that the physical properties (e.g., strain, stress) in the embedding medium surrounding this single inclusion are the same as those in the effective medium as a whole. While early models, such as the static self-consistent method of Hill 1 and Budiansky, 2 treated each inclusion as embedded directly in the infinite, homogeneous, effective medium, Christensen and Lo 3 proposed a generalised self-consistent model (GSCM), originally developed by Kerner. 4 The GSCM introduced a layer of the host matrix material into the equivalence model; the inclusion was treated as though embedded within a shell of host material, which was then embedded within the infinite effective medium (as illustrated in Fig. 1 ). Christensen 5 investigated several theoretical models and concluded that the only one of these to produce acceptable results and to improve agreement with experimental data was the GSCM model; it thus received much attention and was exploited by many authors. [6] [7] [8] [9] [10] However, these schemes were purely static, focusing on the averaging or homogenisation of physical quantities such as stress, strain, and displacement. For dynamic, wave-based problems such as acoustics, an extension of the models to include wave phenomena is necessary.
Although there are a variety of dynamic effective medium models, the most widely adopted is based on the following two hypotheses, as articulated by Kanaun et al.: 11 (a) a single inclusion (coated with a shell of the host medium) behaves as if isolated and embedded in the corresponding effective medium and (b) the mean wave field in a) Electronic mail: v.pinfield@lboro.ac.uk the composite medium coincides with the wave field propagating in the homogeneous effective medium. The first hypothesis reduces the many-particle problem to a singleparticle one in the same way as the static self-consistent models, and the second one is the self-consistency condition applied to the wave field. This theory has been developed in different forms and studied by many investigators. For solid inhomogeneous systems, models include the self-consistent approaches of Kanaun et al. 11 and Sabina and Willis; 12 the quasi-static-limit approximations of Berryman, 13, 14 Kuster and Toks€ oz, 15 Jin, 16 and Mei et al.; 17 and the dynamic approach of Gaunaurd, 18 investigating solid in solid composites at low concentration (no multiple scattering) to obtain elastic and shear moduli and density, extended by Kerr 19 for spherical solid inclusions, and by Kim 20 to obtain frequencydependent elastic parameters. For complex fluids, i.e., liquid suspensions of particles, the effective medium method has been studied by Hemar et al. 21 and McClements et al. 22 to determine acoustic properties with thermal effects and Cowan et al. 23 and Hipp et al. 24 for acoustic systems with both thermal and shear phenomena. These workers were motivated by the characterisation of particles in suspensions using acoustic spectroscopy and the need to account for thermal and shear phenomena which were not accounted for in existing multiple scattering models.
Another approach to estimate effective dynamic properties of random distributions of particles is based upon the configurational average of the multiple scattering equations. In the following, theories using this approach are referred to as MSTs. MST was initiated by Foldy 25 in 1945; he derived a dispersion relation for an acoustic wave in a system of isotropic scatterers by introducing a configurational averaging procedure. Lax 26 later extended the theory of Foldy to obtain a new dispersion relation for anisotropic scatterers and applied the quasi crystalline approximation (QCA) to determine the effective field. Waterman and Truell extended the work of Lax and Foldy to finite-sized inclusions; 27 using QCA they derived an expression for the effective wavenumber in terms of the forward and backward scattering amplitude of a single particle. In order to consider higher concentration in the MSTs, Fikioris and Waterman introduced the pair correlation function in the form of "hole correction" to make sure that inclusions do not overlap during the averaging process. 28 Lloyd and Berry studied vector electromagnetic fields using a Green's function approach and corrected the second-order term of Waterman-Truell formula for three dimensional particles. 29 Varadan et al. formulated an MST for randomly distributed spherical 30 and cylindrical 31 inclusions in an elastic matrix using QCA and a pair-correlation function to estimate effective phase velocity and coherent attenuation. More recently, Linton and Martin validated Lloyd-Berry's formula and have given a new derivation for cylindrical and spherical scatterers. 32, 33 Identification of effective density and elastic properties based on multiple scattering models has also been carried out, to second order in concentration and therefore limited to low concentration. [34] [35] [36] [37] Although multiple scattering models are well-established for obtaining effective properties, they have mainly focused on ideal (inviscid) host fluids and are valid only up to a limited concentration. This is due to the assumption made in MST models that concentration is low, and effective properties are typically expressed as series in orders of the concentration, in contrast to the effective medium models where high concentrations are not constrained. However, an additional factor is the effect of thermal and shear wave modes produced by scattering of the acoustic waves by the particles; although the thickness of the thermal and viscous boundary layers are typically very small, they can affect other particles when the concentration is high and interparticle separations consequently small. These effects have been neglected in MSTs until relatively recently, when Conoir and Norris generalised the formula of Linton and Martin for cylindrical particles in elastic media, 38 providing the framework to include all effective wave modes (acoustic, thermal, and shear) in the complex medium. The model was extended to three dimensions (spherical particles) at second order in concentration by Lupp e et al., 39 and later to higher concentrations (third order), accounting for weak pair-correlations. 40 Whether in two or three dimensions, the model provides the complex wavenumbers of the coherent waves as series in the concentration, allowing thus the calculation of both the speed and the attenuation of those waves. The previously neglected multi-mode conversions have been demonstrated to be significant in nanoparticle suspensions and the new model applied to such systems 41 presents a greatly improved agreement with experimental data. 42, 43 Further experimental evidence of the FIG. 1. Illustration of the generalised self-consistent method adopted in this work. The acoustic wave field in the complex medium (a) is equivalent to that in the effective medium surrounding a single inclusion embedded within a shell of the host medium (b). Self-consistency requires that the scattering from the core-shell system be zero.
need for the determination of improved effective properties is provided by a number of other workers studying acoustic propagation in liquid suspensions of particles. 44, 45 Moreover, determination of the effective mass density is much more complicated than in the case of an inviscid fluid host and has yet not been addressed by the model.
Since MSTs are limited to low volume concentrations, Yang and Mal combined the GSCM with the MST of Waterman and Truell in order to obtain a dynamic generalised self-consistent method (DGSCM), 46 whereby they calculated the effective wavenumber of a fibre-reinforced composite (a 2D cylindrical problem) in a self-consistent manner; they showed that the effective wave speed calculated was in good agreement with experimental data. Yang 47 and Kim 48 used the same methodology for spherical inclusions. Other workers have also combined the two approaches, to determine effective properties at higher concentrations, but retaining the wave-nature of the problem; McClements et al. applied this approach for thermal interactions, 22 and Hipp combined the two methods for a thermal-viscous-acoustic system of spherical particles although assumptions were made regarding effective properties rather than deriving them. 24 This paper addresses the problem of the determination of dynamic effective properties in a shear-acoustic system of spherical particles in a viscous fluid at high concentrations, a problem requiring full account of both acoustic and shear wave modes and the impact of particle interactions due to shear boundary layer overlap. The generalised selfconsistent model described in Ref. 17 , not restricted to low concentration, has been adopted and applied to a system where wave mode conversion is taken into account, under a large compressional wavelength assumption, in order to obtain analytical approximations of the effective dynamic parameters. Although use of the new GSCM model restricts the validity of the results by the assumption of long compressional wavelength, it permits a full investigation of effective properties without limit on concentration, whereas multiple scattering models are suited to low concentrations. An effective bulk modulus is obtained from the monopole mode, and an effective density from the dipole mode; for the first time, an effective density of a random medium with a viscous fluid host, that takes into account mode conversions through scattering, is presented. The assumption of large compressional wavelength applies with respect to both the particle size and the average distance between particle centres. Contrary to the case of a solid host (even viscoelastic), the shear wavelength in a viscous fluid is not the same order of magnitude as the compressional one, and the frequency dependence of the effective parameters is thus investigated by varying the ratio of that shear wavelength to the particle size over a large range, while keeping that of the compressional wave smaller than unity. While the ratio of the effective bulk modulus to that of the host is quasi-static with only limited frequencydependence, the effective density is frequency-dependent and its behaviour is investigated. In this work, the model and its principal results are presented in Sec. II, with much of the mathematical details confined to the Appendix. In Sec. III, numerical predictions of the model are presented, and their physical interpretation discussed.
II. MODEL
A. Core-shell system for effective medium
The system consists of a small-amplitude (linear) acoustic wave propagating through a medium consisting of identical spherical inclusions (particles) of radius a, randomly dispersed in an infinitely extended homogenous isotropic matrix medium with a given concentration c. Using the principles of the generalised self-consistent method, an equivalent problem is constructed, that of a single particle embedded in a shell of the host medium (a viscous fluid) within a homogeneous medium which has the effective properties of the system (Fig. 1 ). Effective properties can only be analytically derived where the acoustic wavelength is much larger than both the particle and shell sizes and indeed the average distance between centres of neighbouring particles. 49, 50 The radius of the shell, b, is fixed such that the concentration within the shell is equivalent to that in the medium as a whole, thus b ¼ ac À1=3 . Thermal effects have been neglected; these are negligible in solid particle systems, 41 but may be significant where particles are liquid. 22 The self-consistent method we use, based on the coherent potential approximation (CPA), requires that, should the outer fluid be the effective one, the scattering of the coreshell system should be minimized. 50, 51 Here, both acoustic (compressional or P modes) and shear (S) wave modes are included in all media. Thus, mode conversions are accounted for in the model. We are interested in getting explicit analytical formulas for the effective properties, so we will not use the generalized CPA as defined in Refs. 50 and 51, but instead introduce a large compressional wavelength assumption, or, more exactly, that both jK c bj and jk c bj be small compared to unity. The self-consistency condition can thus be applied independently to the Rayleigh partial wave orders, namely, the monopole and dipole modes, which are two of the dominant modes in the total scattering under the small jK c bj assumption. Although our work is thus limited to long acoustic wavelength, we need not apply any such assumption on the shear wavelengths, allowing us to investigate a range of shear wavelengths for incident acoustic waves and determine the frequency-dependence and/or viscosity-dependence of the effective dynamic density and bulk modulus.
Having set the monopole and dipole scattering coefficients of the core-shell system to zero, we use the same method as in Ref. 17 and work directly on the shell outerboundary conditions with no scattered waves in the outside effective medium. Considering an incident effective compressional wave that propagates in the effective medium and encounters the core-shell inclusion, we do not write any scattered wave in the effective medium, but two inwardpropagating refracted waves (one compressional and one shear with amplitudes A cc n and A cs n , respectively) in the shell. These two refracted waves are, in turn, scattered by the core particle, each generating an outward-propagating wave of each mode in the shell and two refracted waves inside the core particle. The scattering of waves from the core particle in the host medium is characterised by scattering coefficients T cc n and T cs n for an incident compressional wave, and T sc n and T ss n for an incident shear wave. These combine with the incident amplitudes of the inward-propagating refracted waves in the shell (A cc n and A cs n ) to define the amplitude of the outward-propagating waves in the shell.
The solution to determine the effective properties proceeds by the application of the boundary conditions at the interface of the shell and effective medium for each partial wave order independently, considering all wave modes. Rearrangement of the equations and the application of the long-wavelength requirement for the incident compressional wave leads to solutions for the effective bulk modulus and effective density. The validity of the model is not limited to a particular concentration range, but the long wavelength assumption jK c bj ( 1, and jk c bj ( 1 imposes a frequency and particle size limit which is dependent on the concentration. The practical limits imposed by this requirement are explored in the results Sec. III.
Only the main steps and the principal results are presented in the following; details of the solution can be found in the Appendix.
B. Effective bulk modulus
In order to derive an expression for the effective bulk modulus, the monopole mode (Rayleigh partial wave with n ¼ 0) with an incident compressional wave is considered. Owing to the spherical symmetry of this mode, the expansions and contractions of the particle and shell act as a source of spherical compressional waves and the motion relates closely to the difference in bulk modulus (inverse of compressibility) of the media. No shear waves exist in the monopole mode (all shear wave amplitudes are therefore zero), and the tangential displacement and stress boundary equations are identically satisfied and therefore not applied. The viscous nature of the fluid host is retained in the radial stress component and within the compressional wavenumber. The system reduces to two boundary equations which are written in Eqs. (A16) and (A17) in terms of the Lam e parameters k, l, in order to relate to the bulk modulus B ¼ k þ ð2=3Þl. The parameters can take complex values in order to represent a viscous material, in particular l ¼ Àixg s for a viscous liquid. The imaginary part of the bulk modulus similarly relates to the bulk viscosity ImðBÞ ¼ Àx g B and its real part is the inverse of the compressibility. Primed properties are used for the particle and unprimed for the host medium in the following as well as in the Appendix. Simplification is achieved by taking only the dominant term of the spherical Bessel function for the incident wave, given the smallness of its argument, since the compressional wavelength in the effective medium is assumed to be much larger than the shell radius. The smallness of jk c bj assumption follows quite naturally that on jK c bj, as both wavenumbers are usually found to be about the same order of magnitude (see, e.g., Ref. 51). Expanding the Bessel and Hankel functions for small arguments in both dimensionless compressional wavenumbers leads to an effective bulk modulus
Taking the low frequency expression (small jk c bj) of the scattering coefficient T cc 0 , given in Eq. (A1), leads to
Equation (2) is the same as that obtained by Kuster and Toks€ oz for solid-in-solid systems. 15 For an elastic solid host medium, Eq. (2) shows that the effective bulk modulus B eff does not vary with frequency. Similarly, considering an inviscid liquid as the host medium, l ! 0, B ! k, and the effective bulk modulus is again independent of frequency and reduces to the harmonic mean of the component phases weighted by concentration, as found by Mei and Aristegui for cylindrical 17 and spherical 37 scatterers, respectively,
This bulk modulus expression appears in the Wood's formula for sound velocity. 52 For a viscous liquid host medium with elastic solid particles, taking the complex shear modulus l ¼ Ài x g s results in a scattering coefficient such that T cc 0 =ðk c bÞ 3 is again quasi-frequency-independent (consistent with that presented by Allegra and Hawley 53 ), and Eq. (1) shows in that case that the ratio of the effective bulk modulus to that of the host is also quasi-static.
C. Effective dynamic mass density
The effective dynamic mass density has been investigated extensively over a number of years, with many researchers finding its value to differ appreciably from the volume average mass density [14] [15] [16] [17] 28, [35] [36] [37] [54] [55] [56] [57] even in the zero frequency limit, unless studying solid-in-solid composites. The difference in inertia between the particles and the background medium causes the particles to move relative to the host matrix; due to this periodic oscillation, the particles mostly radiate in the forward and backward directions, known as dipole radiation. The difference in the relative motion caused by the restoring force in the elastic or viscous fluid host medium implies that the effective dynamic mass density is in general a complex quantity.
The effective dynamic mass density can be determined from the dipole mode n ¼ 1 by considering a compressional wave mode incident on the single core-shell system embedded within the effective medium. Both compressional and shear wave modes exist in all regions for the dipole partial wave order, except the scattered ones in the effective outer medium, where their amplitudes are set to zero. Four boundary conditions are applied at the shell surface [Eqs. (A18)-(A21) of the Appendix]; in this case, these are expressed in terms of wavenumbers and densities, rather than the Lam e parameters as were used for the monopole mode. Again, simplification is achieved by applying the long compressional wavelength condition. Frequency dependence appears through the variation of the shear wavelength relative to the particle size through the parameter k s a which is not restricted to small values. Four sets of results are derived here:
(1) by rearrangement of the boundary equations and applying an assumption on the amplitudes of the waves in the shell (an assumption validated in Sec. III) to derive a frequency-dependent effective density; (2) by analytical solution of the boundary equations using series expansions for all functions of compressional wave modes and retaining the leading order term for the scattering coefficients-this proves the assumption made in (1) and results in an effective density expression which is the leading order in k c b; (3) by expanding the expression for the effective density obtained in (2) using series expansions in the shear wavenumbers in the liquid host, to obtain the low frequency expression of the effective density when jk s aj is small; (4) by using the large argument asymptotic expansion of the Bessel and Hankel functions related to shear waves in the viscous liquid host in order to recover Ament's formula for the effective mass density in the case of an inviscid fluid, corresponding to infinitely large jk s aj.
Each of these is presented in the following, with fuller details in the Appendix.
General expression for the effective density
By combining the boundary equations Eqs. (A18)-(A21) as explained in the Appendix, the effective density is obtained in terms of the coefficients of the scattered waves in the shell as
where
The ratio of amplitudes
can be expressed, under assumptions based on the large compressional wavelength conditions as detailed in the Appendix and validated in Sec. III, as
Equations (4)- (7) have been obtained with no restriction as to the magnitude of the dimensionless shear wavenumber k s b.
Leading order in compressional wavenumber
In order to validate the assumptions made in order to get Eq. (7), the boundary equations were solved analytically using MAPLE software, and expressed as series solutions in the compressional wavenumber, keeping only the leading order terms of the scattering coefficients in k c a as in Ref. 41 and given in Eqs. (A2)-(A7), leading to
Two solutions have now been presented for the dynamic effective density, accounting for mode conversions between compressional and shear wave modes: the general Eq. (4), and its leading order in k c b, Eq. (8) . Both are limited to small compressional wavenumber k c b, but no assumption has yet been made on the magnitude of the dimensionless shear wavenumber k s b, which, in a fluid host medium, can range from small to large values within the long compressional wavelength region. The frequency-dependent behaviour of the effective density will be explored in Sec. III, but consideration is first given explicitly to the low frequency region where the shear wavelength is large compared with the particle size, as well as the converse case of an inviscid host fluid where the shear wavelength tends to zero.
Low frequency expansion in shear wavenumber
Starting from Eq. (8) all Bessel and Hankel functions with argument k s b are expanded as series in the dimensionless shear wavenumber which is now taken to be small. Further details are given in the Appendix.
With these low-frequency approximations, one can show that the effective mass density reduces to the following expression: 
As expected, 14, 17 Eq. (11) provides the static limit of the effective density as the volume averaged density,
which is indeed the addition law of densities. Since ðk s aÞ 2 is purely imaginary for a viscous liquid, the leading-order frequency dependence in Eq. (11) provides only the imaginary part of the effective density; the real part varies only as ðk s aÞ 4 . The concentration dependence, Eqs. (12), (13) , is complicated, and features terms in one-third powers of the concentration, which is typical for such core-shell self-consistent models. This is in contrast to the multiple scattering models that usually provide effective properties at low concentration and are often expressed as series in integer orders of concentration.
Having determined the effective density in the longshear-wavelength limit (small k s a), the case of an inviscid host fluid, for which k s a tends to infinity, is now examined.
The limit of an inviscid liquid host
Starting again from Eq. (8), the effective density is now considered in the limit as jk s aj tends to infinity, i.e., equivalent to the liquid host tending to an inviscid fluid. By using the asymptotic expansions of the Bessel and Hankel functions for large jk s bj, Eq. (8) provides (see Appendix for details)
Taking the limiting form of the compressional mode coefficient T cc 1 for large jk s aj [Eq. (A10)], Eq. (15) results in
which is identical to Ament's formula (for spherical particles) for an inviscid fluid host. 54 The same results for effective density as Eqs. (15) and (16) are obtained by applying the self-consistent scheme directly in the case of an inviscid fluid host as shown in the Appendix. Hence our expression for effective density tends to the expected static limit for an inviscid fluid host when jk s aj tends to infinity (still requiring jk c aj ( 1).
III. RESULTS OF NUMERICAL CALCULATIONS
Numerical calculations were carried out in MATLAB (v2017a) for silica particles in water at 25 C. The material properties of silica and water used are shown in Table I . Only the effective density is investigated numerically since 58, 59 The effective mass density, derived under the large compressional wavelength assumption, depends on concentration and on the ratios, to the particles size, of both the compressional and the shear wavelengths in the host. In order to demonstrate the effect of this condition on the range of validity of the model in terms of particle size, frequency, and concentration, we write the condition as jk c bj < jk c bj max with jk c bj max ¼ 0:1. Since the imaginary part of k c is small, compared to its real part, we thus obtain a validity condition
The ranges of particle size and frequency over which the model is therefore valid are shown in Fig. 2 indicating a useful and workable range of validity, which improves at higher concentration (as the shell becomes smaller with fixed particle size). While the shear wavelength in an elastic particle is the same order of magnitude as the compressional wavelength, this is not the case in a viscous fluid, and we want to investigate a large range of k s a values (as encountered in experimental conditions). However, investigating small shear wavelengths and large compressional wavelength is possible only for sufficiently large particles. Applying the validity condition above implies that for a fixed particle size a 0 the maximum value that <eðk s aÞ can reach is approximately given by
Conversely, setting both jk c bj max and the maximum value of <eðk s aÞ one is interested with, Eq. (18) provides the minimum value a 0 that the particle radius can take.
A. Dependence on frequency at different particle sizes
First the frequency dependence of the effective density at fixed concentration is investigated. Setting ð<eðk s aÞÞ max to 100, jk c bj max to 0.1, and concentration c to 0.4, Eq. (18) provides a minimum value for the particle radius approximately equal to 160 lm. Figure 3 shows the effective mass density variation with the real part of k s a, up to 100, for smaller values of radius, ranging from 50 nm to 100 lm along with the maximum values that <eðk s aÞ can reach in each case, according to Eq. (18) . While the curves of the effective mass density depend only on the reduced wavenumbers and, thus, not on the particular elastic and viscous fluid media we are dealing with, the maximum values of <eðk s aÞ that can be reached for different values of a 0 depend on those, through the jk 2 s j=jk c j ratio in Eq. (18) . Equations (4) and (8) agree over the full range, until the limit of jk c bj 0:1 is reached (not shown on the plot). Figure 3 shows that the low frequency expansion, Eq. (11), provides quite accurate results even up to values of Reðk s aÞ 14)], the solid (constant) black line Ament's static limit, Eq. (16), for the inviscid fluid. The curves were calculated using a particle radius of 100 lm; the symbols show the upper limit of k s a for particles of different radii satisfying the condition jk c bj 0:1.
slightly larger than unity. The effective density is seen to tend to the volume averaged mass density [Eq. (14) ] at small jk s aj, and to that of Ament's formula for the inviscid fluid host, Eq. (16), at large jk s aj. While the smaller the particles the smaller the range of k s a, where the results are valid, one can see the evolution of the effective density from its static value to the dynamic range with the increase of k s a, even for nanoparticles such that a 100 nm.
The intermediate parts of the curves (Fig. 3) show a peak in the imaginary part of the effective density corresponding to an inflection point in the real part, for <eðk s aÞ slightly larger than unity. Single particle scattering theory shows that the scattering coefficients involving a shear wave undergo a resonance-like behavior against frequency at Reðk s aÞ ' 1. 53 The effect of such a behavior has been observed on the compressional coherent wave properties predicted both by multiple scattering models that consider only multiple scattering of the acoustic mode, such as Lloyd and Berry's model, 29 and by the multi-mode scattering model of Lupp e et al. 39 (see discussions in Ref. 41) . The same kind of effect is seen here on the effective mass density.
B. Dependence on frequency at different concentrations
Having investigated the frequency dependence of the effective mass density at fixed concentration, Fig. 4 now shows how this frequency dependence is influenced by a change in the particle concentration. Two observations can be made as the concentration increases (i) the change of magnitude in the real and imaginary parts of the mass density occurs at higher values of Reðk s aÞ (i.e., higher frequency at fixed particle size) and (ii) the amplitude of the peak in the imaginary part increases, as well as the difference between static and inviscid limits on the real part.
Recent numerical investigation by Pinfield's group 41 and experimental validation (on acoustic attenuation) 42, 43 have demonstrated that the resonance peak observed in the attenuation against frequency curve for the coherent compressional wave also shifts to higher Reðk s aÞ as the concentration increases. This is consistent with the findings here on the effect of concentration on the effective density, which influences the effective compressional wavenumber. Physically, the effect relates to the effective stiffening of the medium due to the increase in viscous drag caused by the presence of a higher density of particles in the medium. This increased drag has been observed in a concentrated particle suspension and the corresponding viscosity increase, modelled by many workers including Happel and others (see review in Ref. 59) . The shift to higher Reðk s aÞ of the resonance peak of both the properties of the coherent compressional wave and the effective density as the concentration increases indicates that the resonance frequency is driven by the wavelength to particle size ratio of the shear wave in the effective medium rather than that in the host medium.
C. Dependence on concentration at fixed k s a
In order to explore the concentration dependence further, different regions around the resonance condition are investigated, selecting fixed values of Reðk s aÞ either side of the resonance peak, near the static limit, near the inviscid limit and near the resonance condition. Since the long compressional wavelength condition must be satisfied (jk c bj 0:1), and the shell radius becomes larger as the concentration decreases, the condition becomes more stringent on particle size and frequency at low concentrations. Thus, particle sizes and frequencies have been selected [for a given value of Reðk s aÞ] such that the jk c bj 0:1 condition is FIG. 4. (Color online) The real (a) and imaginary (b) parts of the normalised effective density given by Eq. (8) for silica particles in water at different concentrations, as a function of the dimensionless shear wavenumber k s a. The curves were calculated using a particle radius of 100 lm; smaller particles have an upper limit of validity in Reðk s aÞ in order to satisfy the condition jk c bj 0:1, as shown in Fig. 3 . satisfied for concentrations greater than c min ¼ 0.05 (5%v/v). The long compressional wavelength condition is satisfied by particles obeying Eq. (17) with c ¼ c min . A particle radius is selected to satisfy this condition for each value of Reðk s aÞ; the frequency is then deduced from a and Reðk s aÞ. Thus, the data presented all satisfy the long compressional wavelength condition jk c bj 0:1 for concentrations above 5%v/v and some for smaller concentrations. Table II shows the set of values of particle radius and frequency that were used for the calculations shown in Fig. 5 , along with the corresponding minimum concentration satisfying the jk c bj 0:1 condition.
The real and imaginary parts of the effective density are shown in Fig. 5 as a function of concentration for several values of the dimensionless shear wavenumber. At small and intermediate values of Reðk s aÞ, the real part of the effective density is almost linear, and is determined largely by the linear variation of the static limit of Eq. (14) . The rather weak frequency-dependence is manifested only at larger Reðk s aÞ, where some curvature is seen and the real part of the effective density is observed to deviate significantly from the static value. The imaginary part of the effective density shows a peak in all but the highest Reðk s aÞ curves. As already observed in Fig. 4(b) , the magnitude of the peaks increases with concentration. The peaks occur for couples of ðReðk s aÞ; cÞ values roughly the same as in Fig. 4(b) . For example, at Reðk s aÞ ¼ 5, the peak in the imaginary part of the effective density curve with concentration occurs at c ¼ 0.4 in Fig. 5(b) . At this concentration, it occurred in the curve of Fig. 3(b) against Reðk s aÞ at Reðk s aÞ ¼ 5:6. At the largest particle size, all physically realistic concentration conditions occur to the inviscid limit side of the resonance peak in Reðk s aÞ and the concentration dependence is therefore monotonically increasing with concentration.
D. Dependence on frequency with different viscosities
In order to show how the effective density may be affected by changes in viscosity of the fluid host medium, we show its dependence as a function of frequency in Fig. 6 for a particle size of 3 lm, concentration 25%, and with different host fluids (properties shown in Table III ). The density contrast between particles and fluid is different in each case, hence the static and inviscid limits are also different. As viscosity of the fluid medium increases, the inflection of the real part of the normalised effective viscosity moves to higher frequency [but corresponds to the same value of Reðk s aÞ].
IV. CONCLUSION
An effective medium core-shell model has been utilised, taking mode conversions into account, to study the case of spherical solid particles in a viscous liquid host, deriving the effective bulk modulus and mass density for the system. Approximate explicit formulas for both effective properties have been derived under the condition of large compressional wavelengths in the particles, the host, and the effective medium, with respect to the particle size. No assumption was made on the shear wavelength in the host, allowing the study of the transition of the effective mass density from its volume averaged value at large shear wavelength to Ament's formula for an inviscid fluid at small ones. The effective density is both frequency and concentration dependent within the long compressional wavelength region, given by Eqs. (4), (8) , and (11), representing, respectively, the general dependence, the leading order dependence in compressional wavenumber, and a low frequency expansion in the shear wavenumber.
Numerical calculations for silica in water systems show that the frequency and concentration dependence of the effective density in a viscous liquid host medium is complex and complicated. It exhibits a resonance behaviour that occurs at increasing values of Reðk s aÞ as the concentration increases. This is consistent with previous observations of a similar behavior of the coherent wave effective properties made during the comparison of a multi-mode multiple scattering model with experimental data. [41] [42] [43] The analytical results presented account for viscous effects in modelling the dynamics of nanoparticle systems. We chose to follow the same procedure as the authors of Ref. 17 , working directly on the boundary conditions at the shell outer surface with zero amplitude scattered waves. In Ref. 17, the authors were able to derive not only the effective mass density and bulk modulus, but also the shear modulus, which allows the reconstruction of the effective wavenumbers of the coherent waves. In our, apparently more complicated, case, work is still in progress to obtain the wavenumbers, and it may be that a criterion for large shear wavelength may be required in order to do so. We hope that way, not only to recover the same attenuation of the coherent compressional wave as from the MST model 39 for small concentrations, as validated by experiments, 42 but also to be able to predict that attenuation for higher concentrations than the MST-based model can account for. 
Equation (A10) is identical to that obtained for a single sphere in an inviscid host liquid which does not support shear waves. The second equality in Eqs. (A2)-(A5), introducing the tilde scattering coefficients, and exhibiting the dependence of the scattering coefficients on k c b are valid whatever the inner structure of the spherical particles, and based only on the assumption that jk c bj is small.
Determination of effective bulk modulus and mass density
The effective properties are obtained by applying the same boundary equations as in the single sphere case to the outer boundary, r ¼ b of the core-shell system of the effective medium model. In the shell, the wave potentials are written (for an incident compressional wave) as U c;shell ¼ U 0 X 1 n¼0 i n 2n þ 1 ð ÞP n cos h ð Þ Â A cc n j n k c r ð Þþ A cc n T cc n þ A cs n T sc n À Á h n k c r ð Þ È É ;
(A14) w s;shell ¼ U 0 X 1 n¼1 i n 2n þ 1 ð ÞP n cos h ð Þ Â A cs n j n k s r ð Þ þ A cc n T cs n þ A cs n T ss n À Á h n k s r ð Þ È É :
(A15) Scattered waves in the embedding medium are set to have zero amplitude due to the use of the self-consistency condition. The monopole boundary equations used to obtain the effective bulk modulus (radial displacement and radial stress component) are therefore
Retaining only the dominant terms of the Bessel functions in the large compressional wavelength assumption leads to Eq. (1). For the dipole mode, the four boundary conditions at r ¼ b that are the starting point to derive the effective mass density are (in the order radial displacement, tangential displacement, radial stress, tangential stress) (A20)
